IASSNS-HEP-95/112, UPR-687-T, 



hep-th/9512T8S 



Massless BPS- Saturated States on the Two- Torus Moduli 
Sub-Space of Heterotic String 



Kwan-Leung Chan 1 and Mirjam Cvetic 2 * 
1 Department of Physics and Astronomy 
University of Pennsylvania, Philadelphia PA 19104-6396, 
2 Institute for Advanced Study 
Olden lane, Princeton, NJ 08540 
(December 1995) 



Abstract 



Within a four-dimensional, toroidally compactified heterotic string, we iden- 
tify (quantized) charge vectors of electrically charged BPS-saturated states 
(along with the tower of SL(2,Z) related dyonic states), which preserve ^ 
of N = 4 supersymmetry and become massless along the hyper-surfaces of 
enhanced gauge symmetry of the two-torus moduli sub-space. In addition, 
we identify charge vectors of the dyonic BPS-saturated states (along with the 
tower of SL(2,Z) related states), which preserve \ of N = 4 supersymme- 
try, and become massless at two points with the maximal gauge symmetry 
enhancement. 



*On sabbatic leave from the University of Pennsylvania. 



1 



BPS-saturated states of four-dimensional, toroidally compactified heterotic string theory- 
provide a fruitful ground to address non-perturbative aspects of string theory. In particular, 
regular solutions, i.e., those with regular horizons, may shed light on quantum aspects of 
black hole physics, e.g., on statistical interpretation of black hole entropy while those 
that can become massless [0-0] at certain points of moduli space may shed light on the 
nature of enhanced symmetries ||f§] at special points of moduli space. Since the effective 
theory possessed N = 4 supersymmetry, the ADM mass for these BPS-saturated states is 
protected from quantum corrections. In principle, one should be able to trust the BPS mass 
formula even in the case where quantized charges are of 0(1). 

In this letter we further address massless BPS-saturated states. In particular, we identify 
the (quantized) charge vectors and the points (lines, hyper-surfaces) in the moduli space for 
which the BPS-saturated states become massless. For the sake of simplicity we confine this 
study to the two-torus moduli sub-space. The work generalizes that of Ref. Q, where the 
case of the two-circle moduli sub-space was addressed. 

Recently, the explicit form of the generating solution 0]7j] for all the static, spherically 
symmetric BPS-saturated states in this class was obtained.^ The generating solution is spec- 
ified by five (electric and magnetic) charges of the two U(l) a ,b Kaluza-Klein and two U(l) c ^ 
two-form fields associated with the two, say the first two, (toroidally) compactified dimen- 
sions. The most general BPS-saturated state in this class is parameterized by unconstrained 
28 electric and 28 magnetic charges and is obtained by applying a subset of T-duality and 
iS-duality transformations, which do not affect the four- dimensional space-time, on the gen- 
erating solution. 

The ADM mass for these states (BPS mass formula), which in general preserve only ~ 
of supersymmetry, is specified PH, in terms of 28 electric and 28 magnetic charges. For 
the purpose of studying the moduli (and the dilaton-axion) dependence of the BPS mass 
formula we rewrite it in terms of conserved magnetic (/?) and electric (a) charge vectors 
0:Q 



MIps = K 20 °°/?W + \e 2 ^a fJ,RQ> + [{0 r n R P){a r H R a) - (0 r fi R af\ 2 , (1) 
where 

a = 5 + ^/3, f i RjL = M OQ ±L. (2) 

The charge vectors a and j3 are related to the physical magnetic P and electric Q charges 
in the following way: 

V2Pi = Lijfij , V2Q, = e 2 ^ M ijoo ( aj + (i = 1, • • • , 28) (3) 



T 



l In Ref. @ also all the non-extreme solutions were obtained. In Ref. § it was shown that BPS- 
saturated generating solution is an exact target-space background solution of a conformal cr-model. 

2 We use the notation and conventions, as specified in Refs. j|, following e.g., Ref. pO|JTl| . 
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where the subscript oo refers to the asymptotic (r — > oo) value of the corresponding fields. 
Here, the moduli matrix M and the dilaton-axion field S = \I/ -Me -2 *, transform covariantly 
(along with the corresponding charge vectors) under the T- duality (0(6, 22, Z)) and S- 
duality (SL(2, Z)s), respectively, while the BPS mass formula flU) remains invariant under 
these transformations. 

Note that when the magnetic and electric charges are parallel in the 0(6, 22) sense, i.e., 
(5 oc a (in the quantized theory the lattice charge vectors should be relative co-primes [|TT|j), 
the BPS mass formula (|l|) is that of the BPS-saturated states which preserve ~ of N = 4 
supersymmetry (see, e.g., In the case when the magnetic and electric charges are 

not parallel, the mass is larger (the last term in (0) is non-zero) and the configurations 
preserve only | of iV = 4 supersymmetry M. Note that states preserving | of A" = 4 
supersymmetry belong to the vector super-multiplets, while those preserving | of A" = 4 
supersymmetry belong to the highest spin |-supermultiplets |T2]JT3|| . Thus, when the former 



[latter] states become massless they may contribute to the enhancement of gauge symmetry 
[supersymmetry 



In the quantum theory the charge vectors a, (3 are quantized. Following |llf , one may 
attempt to constrain the allowed lattice charge vectors by using the constraints for the 
elementary BPS-saturated string states of toroidally compactified heterotic string, along 
with the Dirac-Schwinger-Zwanziger-Witten (DSZW) [Q quantization condition.^ Purely 
electric BPS-saturated states (f3 = 0) preserve | of iV = 4 supersymmetry and have the same 



quantum numbers 1 P~5| , |T6"|] as the elementary BPS-saturated string states with no excitations 
in the right-moving sector (Nr = |). For the electric states the quantized charge vector a 
is then constrained to lie on an even self-dual lattice A 6 2 2 with the following norm (in the 
0(6,22) sense) |TTJ: 



a T La = 2N L - 2 = -2,0,2,... , (4) 

where the integer Nl parameterizes the level of the left-moving sector. 

The DSZW charge quantization condition then implies an analogous constraint for [3 T L[3; 
magnetic charge vectors (3 are then constrained JTTJ to lie on an even self-dual lattice Aq^2 
with the norm 

(3 T L(3 = 2N L - 2 = -2,0,2,... . (5) 

Since we confine the analysis to the two-torus moduli sub-space , the T-duality group reduces 
to 0(2, 2). Then only the 0(2, 2) part of the symmetric moduli metric M is non-trivial and 
of the form: 

( G- 1 -G- l B \ r _f0 h\ /„s 

M -{-B T G- 1 G + B T G- 1 Bj' U J [b) 

where G = [G mn ] ((m, n) — 1, 2), B = Bi 2 are the four moduli of the two-torus and L is an 
0(2,2) invariant matrix. 



3 In Ref. § the charge quantization for the generating solution is implied by considering the 
conformal field theory describing the throat region of the corresponding string solution. 
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The four moduli fields can be expressed in terms of two complex fields T and U, (see, 



e.g., 1 17] and references therein): 



T = VG + iB, iGn (7) 

Crn 

where Q = det(G mn ). The T and U fields transform covariantly under PSL{2, Z)t and 
PSL{2, Z) v , respectively, i. e., the subgroups of the duality group 0(2, 2, Z) = PSL{2, Z) T x 
PSL{2, Z) v x Z 2T ~u 



In order to address massless BPS states which preserve \ of supersymmetry, we first 
concentrate on purely electrically charged configurations {(3 = 0) with the electric lattice 
charge vector a = (a a , a^, a c , ad) whose norm is: 

a T La = -2. (8) 

Namely, only the states with the electric charge norm (|8|) can become massless along the 
lines (hyper-surfaces) of moduli space for which: 

oF hr(x = 0. (9) 

It turns out that @ is satisfied along the following hyper-surfaces, along with the following 
accompanying electric charge vectors c?:[| 

Cl :U = T& (G n ,G 22 , G 12 , B) = (1, G 22 , —B, B)\ a = X 1± = ±(1, 0, -1, 0), (10) 
C 2 :U = ^ (G n ,G 22 , G 12 , B) = (G u , 1,B,B); a = X 2± = ±(0, 1, 0, -1), (11) 
C 3 :U = T-i&(G n ,G 22 ,G 12 ,B) = (l,G 22 ,l-B,B); a = A 3± = ±(1, 1, -1, 0), (12) 



C 4 :U= — & (G n , G 22 , G 12 , B) = (G n , -1 + 2B + G n , -1 + B + G n , B); 
iT + 1 

a = A4± = ±(l, 0,-1,1), (13) 

Those are the same four hype-surfaces of the two-torus moduli sub-space (in the funda- 
mental domain), for which the gauge symmetry of toroidally compactified heterotic string 
is enhanced due to the Halpern-Frenkel-Kac mechanism, i.e., those are the hyper- surfaces 
where the perturbative string states (with Nr = |), which have the same quantum numbers 
as electrically charged BPS-saturated states, become massless. Thus, on the heterotic side 
these electrically charged BPS-states are identified with the elementary string excitations. 



1 In the following we suppress the subscript oo for the asymptotic values of the moduli fields. 
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Along each of the hyper-surfaces £1,2,3,4 these electrically charged massless BPS-saturated 
states, which are scalar components of the vector super-multiplets, contribute to the en- 
hancement of the gauge symmetry from [U(l) a xU(l) b xU(l) c xU (1) J (at generic points of 
moduli space) to [U(l) b X U{l) d x U{l) a+C x SU{2) a _ c ], [U(l) a X U(l) c x U{l) b+d x SU{2) b _ d ], 
[U(l) d x U{l) a+C x /7(l) a _ 26 _ c x SU{2) a+b „ c ) and [U(l) b x U{l) a+C x U(l) a ^ 2d x SU{2) a _ c+d ), 
respectively 

At the point U — T — 1, i.e., (Gn, G22, Gi 2 , B) = (1,1,0,0) (the self-dual point of the 
two-circle), L\ and C 2 meet and the enhanced gauge symmetry is [U(l) a+C x U(l) b+d x 
SU(2) a _ c x SU{2) b „ d ). At the point T = U* = e 4 f, i.e., (G 11 ,G 22 ,G 12l B) = (1,1, \,\), 
C 2 , £ 3 and £4 meet and the enhanced gauge symmetry is [U(l) a+C x E/(l) a _2&- c -2<z x 
2a+b-2c+d]- Here the subscript (s) for the non-Abelian gauge factors (SU(2), SU(3)) 
denote the linear combinations of the Abelian generators that determine the diagonal gen- 
erator^) of the non-Abelian factors. 

Due to the SL(2,Z)s symmetry, along with each of the charge vectors a (as specified 
in (p!Q|) -(|T3|)), there is a tower of dyonic configurations (including the Z 2 related purely 



magnetic states) with pj3 = qa, where p and q are the relative co-primes [II]. These 
dyonic configurations become massless at the same points of moduli space as purely electric 
configurations. 

We now address massless dyonic states whose electric and magnetic charge vectors are 
not parallel. These states only preserve ~ of TV = 4 supersymmetry. The necessary condition 
for them to become massless is that both the electric and the magnetic charge vector norms 
satisfy: 

a T La = -2, (^Lp = -2. (14) 

These BPS-saturated states become massless at the points of moduli space for which now 
the following three constraints are satisfied: 

a T fi R d = 0, /3 >r /i fl /3 = 0, (3 r [i R a = 0, (15) 

By explicit calculation we found that the three constraints fli"5] ) are satisfied only at the 
following two points: 

T = U = 1, = (A 1± ,A 2± ), (16) 



U* = e^, (dJ) = (X i± ,X J± ), [(i,j) = 2,3,4, i < j}. (17) 



The charge assignments for the four massless dyonic BPS-saturated states ([TB] ) at the self- 



dual point of the two-circle were found in Ref. 0. At the point T = U* = e l e there are 
twelve massless dyonic BPS-saturated states (0). In addition, there is an infinite SL{2, Z)$ 
related tower of massless states (including the Z 2 related states with electric and magnetic 
charge vectors in ([IB]) and fllTf ) interchanged). Since these states belong to the highest 
spin |-supermultiplet, they may contribute to the enhancement of supersymmetry there. 
Note that dyonic states (|16D and ([[7]) are not in the perturbative spectrum of toroidally 
compactified heterotic string. 
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A few comments are in order. The discussed BPS-saturated states become massless at 
special points and hyper- surfaces of moduli space, regardless of the strength of the dilaton- 
axion coupling.^] Note also that all the discussed states are singular four-dimensional solu- 
tions. Namely, for the solutions to be regular, i.e., with the (Einstein frame) event horizon, 
the norms of the lattice charge vectors have to satisfy the following constraints 0: 

a T La > , (3 T L(3 > , T Lf3)(a T La) - T Laf > 0. (18) 



Since the norms (||), (|T4| ) of the massless BPS states are negative, all the above solutions 
are singular from the four- dimensional point of view. 

The above solutions were obtained as semi-classical solutions of toroidally compactified 
heterotic string; they are parameterized in terms of classical bosonic fields of heterotic 
string and (quantized) lattice charge vectors, consistent with the heterotic string constraints 
and the DSZW quantization condition. It is important to address the stability of these 
configurations, as well as to identify these semi-classical solutions in terms of the D— brane 
fl~8|| solutions of Type IIA string. 



After the results presented in the paper had been obtained, we became aware of the 
paper |T!| where related issues were addressed. 
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5 Note, that the BPS mass formula (|l]) is semi-positive definite for any asymptotic value of the axion 
field ^>oo- This result is due to the fact that the lattice vectors satisfy a 1 uro. > 0, p 1 ' ixr(5 > 0, 
and (a T /iRa)(/3 T /j.r/3) — (/3 T /iR<3) 2 > everywhere in the moduli space. 
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